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The reason for tMs may lie in that the mathemati―

cal systen■ is not ttnctお na■ y complete, that is,
not all ternarv logical functions can be repre―

sented by thお systema

h the ellgtteerttg field, hOwever, some forms

of B―ternary 10gic have beell used to describe

tine― delay acと On or uncer也 血 behavior occurring

in a relay network t3,41, since such phenomena
cannot be described ill bhary lo事 ct Similariy,
soHle forms of B― temary lo事 c haVe been used

IIlore recently to study the hazards of coIIItlbina―

ほonal nettworks t5,61 and those Of sequentiai net―
works【71, alld the truth value 1/2 corresponds
to a transieIIt sttte in those studies_ ReceIItiv

血any researches have been made on fail― safe

logic〔8-121, and they can be unried intpヽa forn
of terllary lo夢 c. HOWever, those researches

are within the category of B_ternary logic, since

they use an additional truth value to represent an

uncertain fttlure statesキ  For exaElple, Hrayama,

Waねnabe and uraIIo t91 studied 6‐呼peねil―sare
logic,Takaoka t121 studied N_faiI―safe lo夢c,
and Tsuchiya tll,and the presellt author【lo〕
studied C―type Fail―saFe lo醇c.

The present paper is collcerded with a develop―

menこ of a new theoretical scheme which w』  in―
clude those ditterent forlns Of B_ternary logic

alld thus llnity theコ巳. This new theoretical sdttme
is a most llatural extensiOn of binary logic, and
hence it has aEL adVantage in ttt we can look back

to binary logic frOm a lligher standpottt.

キTnミtead ofthe mth vahe 1/2,官 suchtta uSed
the sコ 阻bol u(for Undefined),Uralxo used the

symbol φ standing for the utton of〔ol alld[11,
and Takaoka used the symbol N(for Nu11).
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Binariと ic―tema守 logic(abbreViated B― temary
logic)is a t● rna=y logic which is all extensiOn of

the collveIItiOIla l binary logic tO illclude considera―

tioll of uncertaillけ. It has already been applied

血 various ways in eI唱 血eermg, and tlleoretical
sttdies of it have been made ill several different

forms_ The present paper gives the developmeEt

of a new theoretical scheme wttch includes all

強ese theOries and unfies them. A partial order―

ing is newtt defined on the set of truth values,

and it is proved ttat a necessary and sufficient

colldition fOr a terllary 10夢 Cal functioEl to be B―
ternary.is that it be IDOnOtOttc with respect to

this partia1 0rdering. A canonicalfom of a B―

lernatt 10ttcal白盟Chon is formuhted. It is

briefly pointed out that B―temそ逆y logic is ciOsely
relat9d to prOposil主 ona1 10gic with colltilluum

hypo強 esis, 血 ztt logic, and fail― sare log.c.

1. IIItloduction

h the conventional binary logic we assulle

that every propositloこ is either true or false and

that the ttuth values l alld o are used respectively

to represent true and false. As an extension of

the classical 10gic we can consider a logic where

ambittty is admitted besides the hme and ttlse

and where the truth values l, o and 1/2 are used
respectiveもr tO represeIIt true, false, and uncer―
tainty. Such a logic is described as binar士 造―

tema.ry or sinply B― teコ軍Ey.

The mathematical forln Of a B―temary loぶc
was illtroduced a n― ber of years ago[11, alld iS

olle of the earhest foェ …s Oftemary lo事 c. The
mathematical system represellting B― ternary
l o g i c  i s  c a l l e d  a  s e l n i―Bo。lea n  a l g e b r a  o r  a
D e M o r g a n  L t t i c e  t 2 ] _  T h i s  m a t h e I I l a t i c a l  s y s t e I I l ,

however, was not much studied and ahnost no

mathe■ latical developments were made to
strengthell itt applicati。 こin practical ttelds.
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2. B_tenlary Logic and B_ternary Logical

Function

Let V2 alld v3 be resttctiVely the sets of truth

values o and l and o, 1/2 and l, suppose that

V3iS hnearlBr ordered byと he relatiOIIと as in
Fig。 1. Defhe the binary operatiOns ・  and v

(A]豆D and OR)and alSO the tttary Operation
～ (NOT)on V3 as f0110ws:

F o r  a n yモ y〔ス・

Table 2, =vン

Table 8. ～ X

r  l  。

～ r  1    1

( 4 ) D i s t r i b u t i v e  l a w s :

=・(_7V定)=(=・ゴ)v(r・_‐)
=V(プ・=)=(= rヽJ)。(=V=)

(5)Negation Lw:

～ (～ =)==

(6)DeMorganis laws:章

～(=・メ)=～ FV_プ

～(IV))=～ 2・―y

(7)Existence of maxEntt element and mini―
mum element:

There are elemellts l and o such that

r・1==,I・0=0

=Vl‐ 1,=VO==

FroHl laws(1),(2)and(3)above, We Obtttin alsO

(8)Idempotent iaws:

=●二章=,=V==r

Laws(1)thrOugh(3)are the axioms for lat―

盤 1就 注↓緊 it盤 ぶ 習 途 瞥!論 掛詣薔 獣 ミ 貫
has a maxIIltlum element and a miniEluFn elenent

and satisfies laws(5)and(6)concernttg the

ズ・y=nin(え め

XVy=naxて ぇ め

～X=l― ヌ

=V(=・プ)==,

(=V夕)・==r

( 1 )

( 2 )

( 3 )

as艶私静品換官
1乳
路皆
Se operatぉ述are

DefinitェOn l. The systel■<ち ,.,V,～>iS the
B―tema呼 10夢C.

If we restrict the three operatiOns to the sub―

絶ま払古警晶温寵蓋毛増難rCOmes bha呼
The B一 ternary logic satisfies most of the laws

gi鞘替鑑論韓警為盟8濫』i晶:mt
(ネ) c o m p l e m e n t a t t  l a w i

～=V==1

～=・==0

S猫 品 堵匙 g縦 晋
山 虐 ~ternary Lttcお nOt a

btti着 1貫 g革 艦

S WhChhOH h B_ternary

Let=.).=て 7〕;then

(1)COmmutative laws:

=Vy=プ V=,=・ メ=メ。=

(2)Associative iawst

iV(プ v=)=(rVメ )V=

=C(ジ・■)=(=・プ)・=

(3)AbsorptiOn laws:

*To save the use of pareIItheses we assume

十繁fttaぉ
。ns are aptted血ぬe order of～,
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negation operatioll_is called a DeMorgan lat―

tice or a semi― B001ean algebra.

The B― ↓ernary lo事 C defhed by DefitttioI1 1

is a mathematical systen which has meanln象 と
models. 卜 「amely, it represents a logic that

admits an ambiguous or uncertain state lf we

assign the truth values l, o and 1/2 respectively

to true, faLe, and uncerta mtv.

A mapphg FiFi・ -7、 is called a ternarv iogi―
cal func1lon of n variables.  Here, ヽ ア

3n is the
n―dlnensional vector space coIIstruCted by確 韓dng
the Cartesian product Of n copies of V3・  A fixed

point of v3n will be denOted by

a = ( こ ゅ
・ヽ
, ■ , ・

・
, 4 つ , t r i 〔7 ‐

and a variable which ranges over V3n will be

denoted by

I=(rt,…Ⅲ,=r,…',Iヵ).=丁`7・

All expression obtahed by applying the opera一

伍ons, ・ , v, ―  tO the variables xi(i=1,・ ・・
コn)

and the constants o and l is a ternary lottcal

MIIction of n variables々  we define the tecttcal
terIIlinology as f0110wsi

DeSnitiOn 2.(1)The cOnsttnts o aコ d l and
tlle variables xl,・ ・・,Xn are eXpressions,

(2) If ャ1,andャ i are expressions, thenサ 1・ャ,,
ムvち ,and～ ャl are expressioBs.

鱒♀と)螢」鞘込3鑑置
nぉぃst defined血0

An expressiOIl defined by De畳 ュ止ion 2 repre―
sents a ternary lottcal tと 二Ction of n variables
when the variables xl,.・,,Xi,・・・,Xn range over
V3・  In the presen,paper we stlall be cOdcerned

only with a logical function Of n variables unless

otherwise stated.

DefinitiOn 3. A ternary logical ttctiOIl rep―

resented by an expressioll as defined above is

called a B― ternary lo事 cal fttnctioll.

as路忌t常予量干
e a partia1 0rdering>on the set V3

DefI直ton 4. v2>0,1″>1,a>4,acち .

。盛腎梶島8整潜曲 密盤t:鮒軍たlestte
sents an ambiguous sと te where it is uncertai13

鞘 瑞縄』稔地鑑鶏鷲離錯
a

角rnbittty.

撤縦:V3■
ば礎盤ギi機蟹態縄想簿

Fig` 2. Relation>

Defi【遠tion 5. Let g=(al, 。 ちa.),b=(う1, ・・,b.)〔γ、■

Vヽe then、 vrite

a>う

if and Oniv ifどす>うf for everv i. If a>b,we say

that a colltalnsう  or that b is conttlined立 14.

It is clear thatと he relation>defined onヽ 「
3n

is a partial ordering. The elemeltlt(1/2,4● ●・1/2)

is a maxinal element, and it is the maximtlIIB

elemellt. There are 2n min■ mal elements, and

they are the elemenお  of v2n.

Dettnition 6. Let cぐ 7,力. We deineこ  々to be

the set of lnlninal elenents that are contained

in c, that is,

CⅢ=【α々 41α>a′}

The set at is obtahed by collect山 革ぢじhe ele、

mellts each of which has resulted fro遠 ユthe
replaceIIIent of every component of a having the

value 1/2 by either O or l. Thus,こ ` is the set of

elements such ttat=a工 the ambigttties involved
ln c are replaced by definite rぱOrIIlation, thed
a becomes one of二 血e elelnents Of aⅢ.Name呼 ,
αネis the sel of all possible elements for a when

all the aIIlbiguities hvolved泣l c are cleared.
Therefore, it can be seen aga■B that the partial
Order■Elgンdescrめes ambigulty Well. It is alsO
c l e a r  t h a t  c》"らばall d  o t t  i f  aⅢ⊃|・.Na m e呼 ,th e
relattioll of partial orderhg betweell byo elemeIIts

t,and b tt concordaElt Withし he inclusioll relation

between the two sets c4 alld bお ,

We now coIIsider Some properties of B一 ternary
10郵 Ca1 1とユCtiotls.

Theoreln l. Let F be a B― tema=y lo事 cal
functioII. Then,we have the fottowing:

(1)If電 て略
・
,then f(a)で ス .

( 2 ) I f  a > bゎ t h e n  F ( a )済F ( b ) .

Prooだ . By the def主 主tion of a B― ternary logi―
cai fと二ction, part(1)here clearly h。 lds、 We
therefore proceed to prove part(2).  ｀

I t  i s  c l e a r  t h a t  o , l  a n d  x i  a l l  s aこis t t  t h e
propertr(2).

Suppose that the B― ter■ary 10gical fttnctiorl F

satisies property(2). Then,by DeillitioE1 4 of

ハ1
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p a . r t i a l  o r d e r i n gン, F ( 2 ) > F ( b ) I n p h e s～ F ( a ) >～F ( b )

Therefore, ～ F also satisfies properttF(2).

Suppose that t跡′oB― ternary logical functions

C and H satisも′proper呼 (2)but G・H does not.
That is, suppose that if a>b, 曲 en(C・ 声)(a)洋 (C・声)

(b). This supposition imphes that

(1)(CⅢイ)(a)=O and(C切7)(b)羊0

0r

(iI)(C‐″)(a)=l and(C・r)(め 芋1.

WVe shall show ttat neither of these holds, If

(CttY)(α)=0, then either c(a)=o orir(a)=o. Since C

and H satistt prOpertty(2), we haVec(3)=O or
恵(b)=0. Thus(CⅢ γ)(う)=0. Therefore,(1)dOes not

hold. Similarly(iI)dOeS nOt hold. Therefore

c・I satお fies property(2).

Vヽe now write

CV声 =～ (～C・―r)

Therefore, if G and E satisttF propeH肝 (2), then
cvr sattsdes the same property, since the prop―

ertt iS preserved under the operations～ and ・.

Therefore it is proved that every B一 terこary

logical inction satisfies proper呼 ―
(2).(Q.E,D.)

Theorem l indicates that if the input to a B―

ternary logical function contains IIo anbi観 五ties,

then the output coIItains■ O ambigェ lies and that

the more ambi部 担tieS COntahed in tlle lnput, 換 e

more ambiguities are contained ill the correspond―

lllg output.

Lct F be a ternarv lottcal innction. We then

denote by

2「~1(1),F-1(1′2),F―`(0)

respectively the set of elements of V3n whch

are mapped hto l under F, the set ot eleElelltS

O f  V 3 n  w h i c h  a r e  I E a p p e d  t t t o  1 / 2  u n d e r  F , a n d
the set of eleElents ofヽ「3n wとdch are mapped into

O under F. These sets are caned respective町

the l―set, the 1/2-set alld the O―set.

Corolla=Fl.(1)If a〔 F-1(1,2), 曲enぁ `f-1(1/2)
for every, such thatう 〉‐a.

(2)ra`F-1(1), thenぁ 〔F…(1)fOr every b such
t h a t  c > b .

(3)If acF―
'(0), then b〔f-1(0):Or everyう  such

t h a t  g > B .

Proof. Ths corollary readily:ollows from

the fact that the B―terltlarv IOgical functiOn F

satisfies part(2)of TheOrem l. (Q.E.D.)

Corollary 2. IF isaB― ternary logical func―

1lon, we havei

Corolla守 3, If F is a B― 拒r醜 酎 1噌 ical func―

tion, then

～F(a)(F(aっ

for everyこ  Ofヽ ア3n.

The proof is omltted.

c orOuary 4. II‐ F is a B― ternarv logical func―

tion, then

( F ( a ) ) ' D F ( Cつ

for evervこ Of V3n.

The proof is onα itted.

If we identi肘 the sets tO),【1}and{0,1}with the

truth valhdes O, l and 1/2 respectivelv, then
coronary 4 can be writtell

F(2)>F(gⅢ )

A  p r o p o s i t i o n  w h i c h  i s  e s s e n t i a l t t  t h e  s a m e  a s
Corollary 3 was already esttbushed in t6」.
corOuaries l, 2, 3 and 4 are on呼 neceSSary

conditions for a ternary lottCalモ unctiOn to be a

B―ternary logical fttnction. However, it will be

shown in the next section that Theorem l is a

necessary and suttEicient condinon fOr the exist―

ence Of a B― ternarv logical function.

3. Canonical F orln of B― Ternary Logicaユ

FuBction

Two distmct expressionsヤ Ⅲ andャ i mをり reDre―

sent the same B― ternary logical function. We

shall therefore discuss the canonical form of a

B―ternary logical function.

Since the distributive la、 vs and idempotent laws

hold in B― ternary logic, aB― ternary logical

functiOIl can be expanded into additioll fom.*

H owever, the complementary laws do not hold■ n

B―ternarv logic, and hence this expansion in

addition forln ma■ 7 conta塩 some terns whch con―

ta±l some variables aIId their negations simuユ ー

taneousT as factOrs. To disthgttsh such terms

froln the others, we make the following defini―

tions,

ネExpansiOn into addition fom is also called

expansion into product― suln forrn.

( 1 ) F ( a ) = l , 2字r~ ( oつ
=〔0,1〕

( 2 ) r ~ ( a ) = 1→F ( cつ
= { 1 }

( 3 ) F ( E ) = 0‐ F ( C・) = ( 0 }ノ

The proof is om■ tted.
安符ュt千ぬ1岸ハf
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DefinltiOn 7. A letter is defined to be a vari―

able or the negatiOn of a variable. A term is

defined to be the product(AND)of some letters

h which no letters occur more than once, A

ternュis called a silnple term f it contahs■ 0

pair of a variable and its negation. P、 terln

、vhich is not a simple terln is catted a comde―

mentarv term.

D e f迪直tio n  3 .  T h e  s u m ( O R ) o f  s o m e  t e r m s  i n

wittch no terms occur more than once is called

aB― ternary ttditive cmodcュ lfom. The part

of a B― ternarv additive canonical forH■ that is

th_e sum of sllnple terms is ca■ ed the additive

canodcal form of the B― ternary additive canoni―

cal form, and the part that is the sum of comple―

IBelltary terms is called the complementarv

additive canodcal form of the B― ternary additive

callodcaユ form.

FOr any ttven expressionじ here exisお aB―

ternary additive canon■ cal form wl工 ch represents

the B― ternary logical functica represenled by the

算Ven eXpressioII. However, for a given B― ter―
narv logical ttnction there may exist hvo or mOre

B―ternary additive canodcal forlns a■ of wttch

represent the given B― ternary logical functioll.

Lemma l. =f・ ～=f==す°～ff°(=すV～=ブ)

=rf・～■・=すVIf・～rf・～=′

Proof  ri・ ～=す=min(IⅢ l―rf)<1/2

=ブV～″′=配axくrル1-エァ)と1/2

.・. r f・～= f o (ぅV～Iブ) = m i n〈t r t・～f f . = , V～f」〉

(Q,E.D。 )

By LemI■ a l we can ttpress a coIB91emed也 呼
絶rm by the ttmく v)of solne complementa呼
terms each Of wttch conttins a工 variables as its

factors. This is sim工 ar to the fact that in binary

logic an arbitrary te■ とは call be expressed by the

sum oftems each of which conLhs att the vari―

ables as its factors(that iS, the sum of lninimu五

terms). nowever, such an expressioEI Of a Sin―

ple terln is llot always possible.

Definition 9. A complementa=y terEl which

conttins all the variables as its factorsお catted

a complementtry minimuln te― .

Definition 10. Let α and β be terlns such tMt
every letter conLined in α is contained iII β.
Then,by the absorption law we have

tVβ=ど

tha↓ is,the term β  iS Omittedo Such all orttssion
of a ttrm is ca■ ed a tti宙 al oEliSSion.

We IIow discuss the procedure to find a canoni―

cal foA.4 which llniquely correspOnds to a given

B―ternary 10gical imction. Such a canonical

fo._is韓 岨ed the principal B― ternary additive

総盤艦
lf°rm of the ttVeェB_terlla呼logic述

Proc edure, For a given B― ,ernarv lo車 Cal

function, wefhd a B― ternary additive canodcal

form of the given B― ternarv lo雪 地al innction. ヽ Ve

expand everv com91ement4rv term corlttLned in

the B―ternarvュ ddltive canoracal forコ ■into the

sum of comolenentarv nillinun■ terms、  and

apply trivial oElission of a tern■ 、vherever it

ュpplies. Thus、 ve obtaEl the prhcipal B― ternary

additive canollical form.

Examole l. ウ=fl・(==V～=1)

==1・二 V=1・～=1

= = 1・= = V f i・～= 1 1 = =了=【・～r i・～= 1

= = 1 , f i  V = 1・～工1・～= .

It is clear ihai the prtncipal B― じernarv addi―

tive canottcai fonm of a B― ternary lo事 cal functiOn

is equvalent to the ttven expression of the B―

ternarv lo事 Cal funcdon. ヽ Ve prove ul the follow―

血g thtt the principal B― ternary additive canonical

fom is uコ よquett deterrlined by the given B― ler―

nary logical function.

汗ヽe bettn、 vith investigation OF some properties

of simple terms and those of complemeIIttry

terms.

Definition ll.  Leta=(41,… Ⅲαう〔;'3・.  The simple

terHl corres pOIlding to α 〕denoted by``, is def抗 ed

to be the expresslon,

where

r i f f‐～■ゴ αす= o

=す・・=rF i f  αf= 1

=frr=1ぜ4す=1/2

1t is ciear that he above definltion gives a

one―to―one correspoこ dence bejweeII the set V3n

and the set of simple term sゃ

Definition 12, Let a=(al,・・,4.)で4・-4々. The

lomplemellary miIIttuID term Corresponditt to

a, denoted,f, is defined to be the expressiOn,

where

rs・f=～rFif aF=0

r f・= r F i f  4 j‐1

rⅢ・===:・～=fif“】=1/2

1t is clear tllat the above defttdtion gives a

oこe―to―One corres pondence between the set y.・ -7ダ

and the set of cOmplemellttry mittmum terms,

Lemma 2. Lett4 be the simple tem corre―

spollding toこ てyョⅢ. TheII,



(I)     C`(b)=10a>b

⇔ こと(bt)=(ll

(ii)   ど を(b)=1,2●ヨc(a>C,b>C),た 片み
⇔α。(bⅢ)=(0,1'

( i l i )   ` ` ( b ) = 0⇔
～F c (α> c , 3 > c )

や ど4(|・)=(0ト

The proof is omitLed.

cOrOuュ 理/5. Let F be an additive canon■ cal

form, Then,

F(a)=0⇔ r~(αⅢ〉=(0)

The proof is onitted.

Le=lma 3. Let′ `be the complemen十 夕ry

rAmmum term corresponding to ar▼ 〕
・―L力 . Then,

( I )′4 ( b ) = 1′2ф b> 4

( i i ) ' 4 ( b ) =°⇔う米 こ

(iiI)F,〔 Iアギ,βを(bⅢ)=(0)

The proof is omitted.

If F is a B―ternary logicaユ 白Lnctlon, then the

l―set, 1/2-set and o―set of F are partiattv ordered
sets with respect to the ordering>and they have

the properties stated in Corollary l. Thus, if we

define∂ r―J(1),∂F…(0)and θF-1(1/2)to be the set of

m a x i I I l a l  e l e m e n t s ( w i t h  r e s p e c t  t o  t h e  p a r t i a l
ordering>)in 4~-1(1)the set of maximal ele,

meIIts in F-1(0)and the set of minimal elements

in F→ '(】′2), then hey are all unlquely deter―

mined by the ttven B― ternarv logical fttnction F.

It call easi]y be seen fioEI CorollattF i that tt the

sets∂ F-1(1),θF…(0),and∂ F-1(172)are ttven, then F

is u■lquely de,ermhed.By part(I)of Lemma 2

il is true that if we construcこ an expressioII by

後king the sum(oR)of the Sittple terms corre―

spond造革ζ to tte elements of aF-1(1), thell the l―set
of this expansion is equal tof-1(1)。  Similarly,by
Lemma 3, the expression constructed by taking

the suIII(oR)of the COmplemen後 甲 述 nim唖
terlns cOrrespOnding to the elements of ∂ F-1(1/2)
has the 1/2-set equal to F-1(1,2), Here, it is clear

from part(ii)Of Lemma 2 that sorne subset of

F~1(1/2)is also represented by some simple terms,

and hence some complemeIIttry mlnimtm terms

that correspond to some elemellts of∂ F一:(1′2)are

omitted and the sum of the remaittng comple―

me n也 守 mtt i m u m  t e― s i s  u n i q u t t  d e t e r I I l i n e d。ネ

Therefore, the B― ternatt logical血 距 tion

ネBy Lemma 2(Ii), a necessary alld suttFicient

condition for the complementtry mmmum term

,・corres ponding to the elementぅ  of aF‐1(1′めto be
ornltted due to the existence of the simple term
を.corresponding tO the elemellt a Ofoメ ト1(1)is that

there exists rr 7r SuCh that.>t andと >.(sillCe it

is clear that`ふ う)。 ThiS condition is equ■ valent

represented by the suIII of the above two expres―

sions has the sane l―set and 1/2-set as F and
hellce also the same o― set as F. Therefore, the

sum of the two expression is equivalent↓ o F alld

is uniqutt deterttned.

The aForemendoned procedure to flnd the prln―

cipal B― terllary additive callonical fom hdeed

yields the unique expression mentioned in the last

paragね ph. h that procedure, 温 e ttivial o王 述S―

sions of tems ln the additive canonical form alld

those tta the complemelltarv additive canonical

form give the simple terms correspollding to the

elements of∂ Fい` (1)and the complemen十 夕ry lnini―

mun terrns correspondttg,o he elements of

∂F~1(1'2), and the trivial ottssions of terlns occur―

rttg benveen the additive canottcal fom and the

complementary additive canottcal forIIl eLn_illaこ e

those complemeIIttrv mlnlnum terIIIs whose

corresponding elements of∂ F-1(112)are also repre―

sented by sorne sttple terms,

We have just proved the fouowing theoreEl:

Theorem 2.  For all arbitra=yB― terllary logI―

cal function, there exists a uコ dque principal B―

ternary additive canollical fom.

Theorem 3. A terna<y logical ttunction F is a

B―temary lo夢 cal function if F satisfies he fol―

lowing two collditiOns:

(1)If C`71・,then f(α)〔ス.

(2)Ifこ >め,theII F(4)>r‐(b).

Proof, If a ternary 10gical ttunctiOn F satisies

condition(2), then the l―set, 1/2卜set and o―set
of F satistt the prO時点 es sセlted in Corollary l.
If F satisfies corldition(1), then■ O elelnents of

V 2 n  a r e  c o n伍血ed i n∂F…(1/ 2 ) ,  T h u s ,抗e s i m p l e

terms correspondhg to the elements of θ  Fいヽ(1),
and the complementary lnlnlmum ttrms correspond―

血g to the elements of∂ f-1(1/2)Can be defined, and

hence we can construct a principal B_ternary

additive canonical forln which is equivalent to F,

Therefore F is a B― ternary logical:七 ュction.

(Q.E,D.)

Theorems l and 3 show that tte h〃 o conditions

(1)and(2)stated in Theorem 3 form a necessa]打
and sutticient condition for a terllary logical

function to be a B― ternarv logical ttction.

to every letter■ Il宮̀being also in′ と. The suHl

( O R ) o f  t h e  r e m a i t t n g  c o m p l e m e n t a r y  m i n i m u m
terms stated ttl the maln text is obtahed by能 球dng

the劉 阻 of ontt thOSe complemen伍 呼 IIIIn■m唖

terns,a corresponding to the elelnenお of,声1(1′つ

whch satistt the conditionん●・)-0.
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4. C― 呼pe Loglcal Functions and P― 呼pe Lottcal
Functions

Vヽe beュ n with definition of a certaln relation

berween hvo B― ↓ernary lo事 cal lunctiOns F and G.

Definitlon 13. 瞥 ミoB― te rn型ぃ′loュ cal tuIICtioP.s

F and G are said to be v2-equivalent tt and otty

II

ya〔4",F(a)=G(a)

The｀ 「2-equivalence is an ecltdvalence relatioll
defhed on the set of B― ternarv lo車 cal functiOns.

We denote by Veq(F)the se↓ Of B_te mary logical

functioEIS Which are V2-equivattnt to F. There

exlsts a one― to―or_e correspondence behveen the

set of all Veq(F)and the set of allも harv logicaユ

魚ェ巳ctions of n variables.  Thus, the set of the

sets Veq(F)with the Operations, ・ , v ttd～ form

a Boolean ttgebra which is isomorphic toヒ he

Boolean algebra forIIled of the set of binarv logi―

cal functions with the sane operatio弱  [lol.

Let a〔 マ,力be an■ nput of a B― こemarv lo車 C基

ittctioll F. By Coro■ ary 2, if f(aつ , the set of

possible values of F when the ambi野 止ties con―

拡hed h a are replaced by defi述 確 述 ormation,

is(0,1, then f(a)is 1/2, that is, we canュ ot deter―

mine、 vhether f(a)is o or l, However, the con―

verse is not true, that is, F(a)=1'2 does not ilnp守

that r~くa4)=(o,1}. h other words, we may have a

case where F(c)=1′ 2and F(a・ )=(0}or a case where

F(α)=1'2 aIId F(c`)=(1). Reca上 屯 that a・is the

set of vectors obttined by replacing each com―

po■erAt ofこequai to 1/2 by either O or l, he last
statenent means thaし some inforlnatio■ is lost.

Defttdtiol1 14. For a given B― ternary lo事 Cal

魚inction F we define the infomatiorl loss set of

F by _

【αt yB・-7.lf(C)=1′2,FくこⅢ)≠(0,1}i

lf the士 ごormation ioss set of a B― terlrlary logi―

cal fttnction F is emptv, then for such aII F the

血 plicatioIIs(1),(2)alld(3)of Corttary 2 become
前 o―way iHlplications.

Definition 15. A terこ ary logical iEctio■ F is

ca■ ed a P― type logical imctionキ ご it satisfies

the followillg three conditioIIsi

( I ) F ( 4 ) = 1 / 2⇔F ( Eつ=モ0 , 1 , ,

( i I ) F ( a ) = 1 0 F ( aっ= t l } ,

( i五) F ( a ) = oや F ( a・) =やi

ネThe↓ em P― 守pe 10夢 Cal function is assigned

because a P― type 10gical hIIctioこ can be expanded
hto an expression that is kno机 as a prime―
mplicant expansion in bhary logic.

An opposite ttpe tO a P―wpe 10glcal function
has a maximu_w_illt‐ormation loss set. It is a ter―

nary iogical illnction whose value is 1/2 for a上
inputs other than those belonging to v押 .

Defttnition 16. A ternarv logica1 3unction F is

c■1led ュ C― 守pe iOgicaと  tunctioE■  if is satisfies

the follo、vi44gいvo conditiorlsi

(1) Ifこてす1・, then F(a)て yt

(11) lfat y〕
イーy‐:', then F(α)=1'2

Theore■ 14. The p… Ⅲpe 10gical functions and
the C―wP3 10事 Cal fLttcはons tre B― ternaぃ′lo車

_

ca1 3ェnct16ns.

Proo=. By deanition the P― 呼pe 10事 Cal・
Sunc―

tions ttd C― 守pe lo車 Cal fuiCtions satistt COndi_

tions(1)and(2)Of i「 heOrern 3. Therefore, they

are B― leruary logical imctions. (Q.E,D。 )

It is clear frorn the dettnitioll that everv P― 呼pe
10事Cユl inctiorl and everv C― 守pe logical functiorl
is uniquely deterttned by its values for the ele―

ments of V2ni Thus, for a〔 早vell B―terna「 /1ogi―

cal funcを lon F, aP― 守pe 10ttcal functiorl F p arAd a
C―守時 10gical RVlctiotl Fc wLch are V2-equivalen`

to F are unlquew determined. The logical ttc―

tiorI F p has the smallest i述 omation-loss set and

Fc has the largest infomation-loss set among the

B―ternarv logical RIIctions belonghg to Veq(F)ぅ

There are only hvo B― ternarv logical functions F

whose Veq(F)is a set COnsisthg of one element,

that is, the Fp V2-eguivalent to F is equal to the

Fc 笠ヽeqttValent to F、Thesc are

( (…く=、キ=.)キ")や=.- 1 )■r.

( (・・。(=1享=1)さ…)== r t )○=,

where rl=ri‐―■1・～==V=1イt and =loif―・1,■V= ・ヽA==. These

舶 o B― t e r n a r r  l o g i c a l  f t t c t i o t t  a n d  C―呼p e  1 0 g i―
cal functiOBs are discussed in detall in t101.
Thus,we sha工 maI直 v discuss P―けpe lo事Cal

iunctions here,

Let us deternine, for a given B― temary lo夢 ―

cal functloこ F, the P― 守pe 10gical fuIBctioII that is
V2tequttvalettlt to F, Itis cLar from Lemma 2(I)

that the set

〔Eて4■4'CF― `(1)}

COIISiStS Cf those vectors whose corresponding

terIIIs are such that when they are looked upoll as

binttry logical fuェ ctions, their l― sets are coD―

L i n e d  i n  t h e  l―s e t  o f  F . I f  w e  d e n o t e  b y∂阜X l )

the set of a工 maxinal elements in tte above set

*The C― type logical ttnctions are used in fail―

safe lottc t■ 01. They are ca■ ed C― type because

血e y  a r e  u s u a t t  e x p a n d e d  i n  t h e  p r i n c i p a l  a d d i t i v e

canonical for王 l fOr reattzation by some ttpe Of

harinrare.
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of vectors with respect to the partial ordering>,

then we have the following theore眼 、

meorem 5. Let Fp be the lo夢 cal fEmCtiOn

whch tt represented by the sum(OR)of the

terms correspondttg to the elements ofぅ F,-1(1),

Then, Fp iS the P― けpe 10ttCal function wぬ ch is

V2-equivalent to F.

Proof. F irst, we sha1l prove that FD iS V2-

equvalent to Fc Suppose thatガ (a)=l for s`ome

α〔【・1・. Then, there ex■ sts some element a'of

うFター`(1)(and hence a′ is an element of V3n)such

that g′〉ヵこand tte term宅 ′corresponding to α ′is

conttined in Fpo SinCe こ `′(こっ=1, We have F,(a′ )=1.

alld henceら(a)=1.COnverseけ ,■fF,(a)=1,曲en

登:i:貫灘昼隠濫ど威P鮮&よ3i縫貯私t
a′is an eleコdent of v3n anda′ 〉‐α, Thus ctF― .(1).

Therefore, if we look upon F and Fp as bina可

logical functions, 温 en they have the same l― seti

ShCe bOth F and Fp dO nottake the value 1/2 for

叩 element of V2n, F alld Fp also have the same

O―set. Therefore, F and Fp are V2-eqttvalent,

怠 と話 1瑠 ェ謎 どゴ:督 灘 ≧ g品 『伊 猛g櫨 ifせ

canonicaユ form, we have by LeIIIma 5

F ( c 4 ) =〔o}⇔r―(a) = 0

fOr au a. rF,(aっ =【1〕, then F p COntains the tern
軌at corresponds to some elelnent α ′

such that
a′>こ . ThuS, we have F,(g)=iby the same ar掛 ト

ment as bettre.Converse,,ifら (α)=1,then we

猛温盈ま
つ
子盤si櫨温私遠

aB~ternatt logical

播8と1曜をf詰最iま言!お
nい'We see tt Fp現

8活i舌i号
T h e  P―t y p e  1 0車C a l  f u n c t i o n  F  p  W h C h  i S  V  2 -
equivalentと o a givell B―terllary logical ttctio■

岳智3景3麓8品督憲捕着譜3盤出鎌:
cant expansion ln binarv lo夢 c,

ExaElple 2. Let

F==1・～==・～=,V=1・～==

,=,V～=1・～==・=ョ

鵠よ&F辞星」稽招警
的 Fp WhChお聯

●,==1‐～=iV～工=・=.

5. Extensions of B― Ternatt Lottcal Functions

The concept of B― ternary logical functions call
be extended to manv― valued lottcal functiOns in
two ditterent directions, In One of these two

守peS Of exttnsions,we simply use Eqs。 (1),(2)

and(3)to define the operations AND(・ ),OR(v),
and NOT(～ )fOr many― valued logic, Name聯 ,the
definitions and laws stated il Sect. 2 can be

carried over to any set A such that if=て A, then

l―=てA. They do not have to be defined oltty for

the set V2 COnsisting of o alld l. For example,

we ln■ y tte, as the set A, the set of ln truth
values whichが e ttVen町

志
f← =帖 …,た め

where m≧ 4. ■ r‐e may also tte the Set of rational

numoers x such ttato<=【 iOr the setば real nldm―

bers x such ttato<― ‐【1. Then Such iogics are

essentiattv the same as propositional logic with

continuum bypothesis, propositional logic with an

arbitrarv cardinality of the truth value set[13〕
whose sttdy began a lollg time ago)and tt fuzzy

logic[15]、汗hich is a rather recent subject of

S t u守・

IIl the other ttpe Of〔獄iension of B― ternarv

10車Cal function to manげ ―valued logical functions,

血ee造 革 ion is so made ttat the crucial proper―

ties of a B―ternary logical ttunctiOIl(prOperties

(1)and(2)Of TheOrel■ 1)will be retained. Such

an extension yields a kind of Elatty― valued fail―

saFe logic t14].We brieftt describe it in the
foEowttg.

Consider the m truth values al,・ ,,,am, and

iety"={41,… ・,4"】. We also co■ sider trutt values
4,1,…Ⅲ, すと, eaCh Correspollding to the state where it
is not known whch holds,2fぃ ち.',Or at. We denote

by V the union of the set of these truth values for

ambiguous stttes and the set VIn・  Then, ヽ アcon―

sists of 2m_l elementse WVe then define the par―

tial ordering>on V as follows:

Defimtion 17. Ifて f4,・・・,F,}って五,…,ヵ),then we
write

a F i ―め > r l ブ1 、すr

WFe extend the partial ordering >to the set vn

as fOnows:

Definition 18. Let a=(41,… Ⅲ,`.),β=(′1,・‐・,′■)〔7・.
If

こf>'f

for a■ i,then we write

C>β

We can now define an ln― valued fail― safe logi―
cal ttction as fo■ owsi

DefinitiOn 19, A(211L l)一Valued lo算Cal function

F is called an m― valued fail―safe logical functionネ

if F satisfties the fo上owing two conditionst

*Takaoka defined a many― valued fail―sare l。摯
_

cal ttctiOn in t12]. HOwever, his definitiOn is

s五勢 tly different froIIl tte definition given in the

present paper.
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〈i)Ifこ `y,・, こhen F(a)て 7"

(2)賢 こ>β , then F(こ )>f(F)

Accordhg to thぉ def士よtion of a many,valued

fail―saFe logical functiOn, aB― ternarv logical
iunction can be regarded as a bharv fail― safe
10ttCai fttnctiOnヽ vttch is a restrictiOn of a manv―

valued lottcal function to the set of the wo truth

values.  From he standpoinl oF propOsitiOnal

10事C Wittl the continuum hypothesis, aB― ternary
logical fttnction can alsO be regarded as a propO_

sitional logicaユ 島ェnction with the continuuEl

呼 pOttesis restricted to the set p,1/2,1}Of truth
valuest

The B～ ternarv iOgic is an intersection of the

fuzzv logic and the manv_valued faよ ―saFe logic,
Corollaries l throは gh 4 can readiiv be ettended
↓o manv― valued logic, and tye caェ o■ical form
det‐ined± l sect_ 3 can be apphed to prOpOsitiOnaI

logic、vith continuuHl hvpothesis or fuzzy logic.

播 : 8 1堆己品違8 8檻 縄 縦 古撤 f t t L亀警
operation NOT(～ )[151,and the cmonical form of
aB― te rnary logical functiOn defined± l Sect. 3
can be used as a general cano述 cal fOrm of a
fuzzy logical fuACtion whether or not the expres―

sion of a tとzzy logical function cOntafnミ the opera―
位on NOT(～ ).

6. COnclusion

The B― temary logic and B_ternarv logical

播 盤 薔 躍 盟 縄 著 重温 ぷ :掛 :岳るuE
睦we been. It is belleved that some of the士 泣■―

portant properties are clarゴ ied in the present

paper. They can be usei遣 守 apphed in fail_s3fe
logic, hazard Or fail detectiOn, theory Of asyェ _

chronous sequentitt networks, alld in manv other

areas. These appLications wi工 be discussed Orl
another occas10n,

途 灘 薔 縛 部 轟
to ttЮ terlttry case or only the OperatiOn NOR

wLdch is also extellded to tte leHlary caset The

鑑艶韻ゴ皇部盤   督
ndtiplicative forIIIs by a treattent duaユ to that
in the presellt paper.

“6F貫拭轟:8墟督輩品:枇掛8琉g堤:艦盟
躍盟
°
輯斌錨醒縄眠挽ぷるP途'

たchnical grOup for invaluable discussiOns. we

艶監薄g縄転盟縄想
中
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